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DIFFICULTY  AND  POSSIBILITY  OF 


KINETIC  THEORY  OF  QUANTUM-MECHANICAL  SYSTEMS 
Part  V  -  Particular  and  General  Solutions  of  tha 
Schrodinger  Equation  ard  their  Significance 
in  Kinetic  Theory 

by 

Toyoki  Koga 
SUMMARY 

The  quantua-sechanical  Liouville  equation  is  more  restrictive 
and  hence  sore  informative  than  the  Scnrodinger  equation,  because 
the  former  already  contains  the  definition  of  independent  variable 
p,  momentus  in  a  special  case.  In  this  sense,  the  quantum-mecha¬ 
nical  Liouville  equation  is  more  definitive  as  the  description  cf 
a  physical  law,  and  ia  shown  to  be  invariant  under  the  Galilean 
transformation.  By  taking  advantage  of  this  convenience,  we  obtain 
a  particular  solution  of  the  Schrodinger  equation  for  n-particle 
system.  This  solution  is  localized  in  the  phase  space  and  stable 
in  time,  and  seems  to  represent  an  n-particle  system  as  single  system. 
The  de  Broglie  wave  is  constructed  by  superposing  a  number  ol  similar 
particular  solutions  for  single-particle  systems.  Similarly, 
general  solution  is  constructed  for  n-particle  systems.  For  justi¬ 
fication  of  its  application  to  kinetic  theory,  Pauli's  principle  is 
analyzed  and  interpreted  anew.  The  present  solution  promises  the 
possibility  of  rational  methods  of  kinetic  theory  of  quantum- 
mechanical  systems,  as  analogous  to  methods  of  classical  kinetic 
theory. 
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I.  INTRODUCTION 


In  this  report,  it  will  be  shown  that  the  Schrodinger 
equation  for  n-particle  system  has  an  exact  solution  which  appears 
in  various  aspects  to  represent  a  single  system,  and  that  the 
solution  is  significant  in  kinetic  theory. 

The  essential  part  of  the  orthodox  quantum  mechanics  consists 
of  the  definitions  of  observables,  measurements  and  representations 
of  systems,  and  commutation  relations  and  dynamical  laws  govern¬ 
ing  observables.  Consideration  of  the  Schrodinger  equation  or 
the  Dirac  equation  is  merely  an  auxiliary  or  subsidiary  matter. 

On  the  other  hand,  there  are  some  authors  (Ref.  1)  who  state, 
sometimes  tacitly,  that  the  Schrodinger  equation  or  the  Dirac 
equation  are  basic  laws;  when  we  choose  a  certain  family  of 

their  solutions,  major  axioms  of  the  orthodox  quantum  mechanics 
turn  out  mere  theorems.*  In  a  previous  report  (Ref.  2),  a  similar 
anomalous  view  was  advanced,  and  it  was  demonstrated  that  the 
view  is  rational  and  furthermore  iB  necessary  for  treating  a 
system  in  its  evolution.  According  to  this  view,  conventional 
eigen  solutions  of  the  Schrodinger  equation  are  of  ensembles, 

•This  might  remind  one  that  Heaviside's  operator  rules 
turned  out  theorems,  when  basic  differential  equations  of  electro¬ 
magnetic  phenomena  were  solved  by  methods  of  Fourier  transformation 
and  of  Laplace  transformation.  Here,  certainly,  Schrodinger  himself 
should  be  mentioned. 
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instead  of  single  systems,  and  hence  are  useless  for  the  basis 
of  treating  a  system  in  its  evolution  in  the  kinetic  theoretical 
sense.  If  this  be  true  in  general,  those  Hamiltonian  observables 
of  electron-electron  and  electron-photon  interactions  may  contain 
some  inconsistencies,  because  they  are  constructed  from  the  plane 
wave  representation  of  electron  which  we  regard  as  of  ensemble 
(Ref .2).  Indeed,  inconsistencies  were  shown  to  exist,  as  expected, 
in  those  Hamiltonians  in  another  report  (Ref .3)* 

Thus  far,  however,  alternate  representations  of  single 
systems  have  not  been  proposed.  Sometimes  a  wave  packet  is  thought 
to  be  the  one  for  single  particle.  But  a  conventional  wave  packet 
does  not  satisfy  exactly  the  Schrodinger  equation  and  hence  is  not 
stable.  In  this  report,  we  shall  show  that  the  quantum-mechanical 
Liouville  equation  derived  in  Ref. 2  leads  to  discovery  of  a  stable 
wavelet  which  satisfies  exactly  the  Schrodinger  equation.  Con¬ 
struction  of  ensemble  representations  of  similar  wavelets  is  also 
made. 

However,  it  should  be  remarked  in  advance  that  the  present 
wavelet  is  made  as  spherically  symmetric.  In  general  true 
condition  is  too  restrictive  that  ensemble  solutions  constructed 
with  the  present  wavelet  solutions  do  not  result  in  eigen¬ 
functions  particularly  for  some  lowest  energy  levels.  This  situation 
is  easily  predictable,  since  a  wavelet  is  most  unlikely  to  be 
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spherically  symmetric  in  a  potential  field  of  stsep  gradient* 
Nevertheless, the  wavelet  is  an  exact  solution  of  the  Schrodinger 
equation,  regardless  of  the  field.  This  seems  to  imply  that  its 
deformation  in  a  force  field  be  designed  rather  easily* 

For  treating  an  n-psrticle  system  in  classical  kinetic  theory, 
we  begin  with  a  particular  solution  of  the  Louvills  equation;  the 
solution  is  represented  in  terms  of  6 -functions: 


D  =  If  J(rk  -  ?k(t))  -  Pk(t)) 

k=l 


(1.1) 


Here  £(rk  -  rk(t))  *  £  (*k  -  *k(t))  ^Fk  "  ^*k  "  *k^t^» 

•a 

etc.,  rk(t),  pk(t)  are  solutions  of  Newton's  equations 


mk?k(t)  »  pk(t) 

e 

pk<t)  =  -  gradkTJ 
U:  potential. 


(1.2) 


(k  *  1,  2,*..,  n ) 


and  rk,  pk  are  independent  variables*  Of  course,  we  cannot  solve 
Eqs.(1.2)  for  more  than  two  particles.  Nevertheless,  solution 
(1.  1)  provides  a  restriction  necessary  for  the  proper  treatment 
of  a  system  in  the  kinetic-theoretical  sense*  Ref*  4, 

In  this  report,  we  shall  show  that  the  Schrodinger  equation 


for  n  particles  has  s  solution  similar  to,  but  not  the  same  as, 
Eq.(l.l).  Furthermore,  those  functions  of  t,  rk(t),  pk(t),  ®tc* 
are  governed  by  the  same  set  of  equations  ss  Eqa.(1.2).  This 


-4- 


is  a  remarkable  convenience,  particularly  for  kinetic  theory. 

In  section  XI,  we  discuss  the  invariance  of  the  quantum- 
mechanical  Liouville  equation  under  the  Galilean  transformation. 

The  invariance  provides  a  clue  for  solving  the  Schrodinger 
equation  which  is  not  invariant  under  the  sane  transformation. 

In  section  III,  we  first  get  a  solution  of  the  quantum-mechanical 
Liouville  equation  which  is  time-independent  and  localised  in  space. 

By  means  of  the  Galilean  transformation,  we  then  get  the  represen¬ 
tation  of  the  saae  solution  given  with  respect  to  a  coordinate 
systea  aoving  uniformly  relative  to  the  initial  system.  This 
solution  is  neither  energy  eigenfunction  nor  aoaentua  eigen¬ 
function  in  the  conventional  sense.  Nevertheless,  it  represents 
characteristics  of  particle.  Furthermore,  it  is  possible  to  con. 
struct  a  de  Broglie  wave  by  superposing  aany  similar  solutions  obtained  by 
merely  changing  the  phase  in  the  solution.  In  section  IV,  we  derive 
the  quantua-meehanical  Liouville  equation  for  n-particle  systems. 

Based  on  this,  in  section  V,  we  discuss  the  meaning  of  Pauli's 
principle.  This  is  done  for  making  the  conclusion  reached  in  sec¬ 
tion  III  as  compatible  with  the  conventional  interpretation  of 
eigen-solutions  of  the  Schrodinger  equation.  In  the  light  of  these 
findings,  we  obtain  in  section  VI  a  particular  solution  of  the 
Schrodinger  equation  for  n-particle  system.  The  solution  is  remark¬ 
ably  similar  to  (1.1) j  yet  it  retains  all  the  characteristics 
proper  to  quantum-mechanical  particles.  Its  significance  is  discussed 
in  sections  VII  and  VIII. 


II.  INVARIANCE  UNDER  THE  QALILEAN 
TRANSFORMATION 

Dynamical  variables  of  a  particle  observed  by  an  observer 
fixed  to  a  coordinate  system,  one  of  the  inertial  systems,  are 
given  by 

r*  :  poeition  vector, 
p'  :  momentum. 

We  consider  another  obeerver  fixed  to  the  second  coordinate 
syetem  which  moves  with  a  constant  velocity  -v  relative  to  the 
first  eystem.  Dynamical  variables  of  the  same  particle  observed 
by  the  second  obeerver  are 

r  :  poeition  vector 
p  :  momentum 

and 

r  *  r'  ♦  vt,  (2.1) 

p  :  p'  ♦  mv,  (2.2) 

Newton's  equations  of  motion  are  invariant  under  the  Galilean 
transformation  of  variables  according  to  (2.1)  and  (2.2),  if 
v  is  invariant.  The  classical  Liouville  equation  ie  also  invariant 
under  the  same  transformation.  This  is  readily  shown  by  that,  with 
respect  to  a  function  f  of  r',  p ' ,  t 

f(r',  p’,  t)  =  f(r-vt,  p-mv,  t) 
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(it/) t)r.ip,  •  .  y.(»t/>r)ttt 

•  ()»/)'.),  „ 

t»p  *»p 

•to* 


(2.3) 


Ob  th«  oih or  hand.  the  Haailton-Jaoobi  equation  and  also 
the  Schrodinger  equation  art  not  invariant  under  the  Galilean 
tranaforaatioa.  Proa  the  aathoaatioal  viewpoint  ,  thie  la  beoauae 
theae  equatioaa  are  linear  with  reapoot  to  operator  */Jt%  and 
noaliaea r  with  roapeet  to  d  /iv»  Proa  the  physical  viewpoint, 
the  Haailton-Jaoobi  equation  alone  cannot  represent  the  ooaplete 
net  of  dynaaieal  laws)  it  needs  the  definition  of  aoaentua  aa 
an  independent  voetor  variable  for  being  ooaplete.  With  the 
definition  of  aoaentua,  the  equation  ie  reduced  to  the  Liouvllle 
equation  whiob  ia  ooaplete  aa  a  repreaentation  of  Newton 'a 
dynaaieal  law.  (The  initial  laailton-Jaeobl  equation  ia  then 
the  expreaaion  of  enorgy  conservation.)  In  a  aiailar  aanner, 
the  Schrodinger  aquation  alone  la  not  a  ooaplete  phyaleal  lawj 
it  needs  the  physical  definitions  of  aoaentua  and  energy. 

Previously,  Hof. 2,  wo  dorlved  the  quantua-aochanical 
Liou^ille  equation  froa  the  8ohrodingor  equation.  In  the  proeeee 
of  derivation,  we  dofinod  an  Independent  veotor  variable  p. 

Thus  the  quantva-neehanlcal  Liouvllle  equation  la  aore  reatrietive 
and  aore  informative  than  the  Sohrodlnger  aquation  alone,  in  the 
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same  way  as  the  classical  Liouville  aquation  is  more  restrictiva 
and  aora  informative  than  tha  Hamilton-Jacobi  aquation  alona. 

As  a  result,  the  quantum-mechanical  Liouvilla  aquation  is  in¬ 
variant  under  tha  Galilean  transformation,  provided  that  p 
is  transformed  according  to  (2,2),  Tha  last  condition  is  a  new 
assumption  or  interpretation  which  has  not  been  made  with  respect 
to  the  Schrodinger  equation.  This  is  justified  as  follows: 

For  the  convenience  of  reference,  we  write  here  some  results 
obtained  in  Part  II  of  this  report  (Ref.2):  We  saw  that  the 


Schrodinger  equation  for  single  particle  leads  to 

*  a  exp(iS/fO  (2.4) 

c)  S/d t  ♦  p2/2m  ♦  U  -  (h^/2m)  (  A  a/a)  3  0  (2.5) 

[n*  *  -r-*r*d  •  *r,d(0 '  a*  tt’J  *2  ■ 0  u,6> 

on  the  definition 

p  *  grad  S  (2.7) 


Equation  (2.6)  is  what  we  call  the  quantum-mechanical  Liouville 
equation.  There,  also  we  saw  that  the  energy  eigen -function 
leads  to  the  energy  eigen-value 

E  *  U  ♦  pa/2m  -(h*/2m)(  ha/a)  (2.8) 

(Eq. (4,4) •  in  Ref. 2) 

and,  if  4  a/a  is  moderate,  the  quantum-mechanical  Liouville 
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equation  (2*6)  has  characteristic  equations 


®  -grad  U  ♦  -fr-  grad(^S)  (2*9) 

dt  2a  a 


(2.10) 


Obviously,  (2*8)  is  the  integral  of  (2*9)  under  condition  (2.10); 
and  (2.10)  implies  (2*2). 


III.  A  PARTICULAR  SOLUTION  OF 
THE  SCHRODINGER  EQUATION 

Helped  by  the  Galilean  invariance  principle,  we  obtain  an 
interesting  solution  of  the  Schrodinger  equation  for  single 
particle.  We  first  suppose  that  there  is  a  solution  a^  of  Eq.(2.6) 
under  the  condition  that 

}  a2/<)t  »  0,  p  *  0,  grad  U  *  0  (3.1) 

Then  Eq.(2.6)  yields 

grad(4a/a)  ■  0,  or  ca/a  ■  const  =  K  (3*<0 

A  well-known  solution  of  (3*2)  is 

a  »  exp(-K^  r)/r  (5.3) 

(r2  *  x2*  y2+  *2) 

Since  a  should  be  real,  K  should  be  positive! 

K  «  K2  >  0 


(3.2)' 


If  we  take  another  coordinate  system  which  is  moving  uniformly 

•A 

with  -v  relative  to  the  initial  one,  we  have  to  substitute  for 

-A 

r 

r  -  vt 

and  p  x  mv 

according  to  (2.2) «  Hence  (3*3)  yields 

#2  a  exp(-2v/r  -  vt/ ) 

It  -  vt I2' 

which  is  a  solution  of  (2.6)  when  grad  U  »  0.  In  accordance 
with  (3*5),  we  take  for  S 

S  x  -Et  ♦  mv-r  (3.7) 

which  satisfies  Eq.(2.5)  under  the  condition 

E  x  mv2/2  -  k2n2/(2m)  (3.8) 

Since  v  and  k  are  invariant,  E  is  also  an  invariant.  Finally, 

f  expji(-Et  ♦  mv* r)/hj  (3.9) 

)  r-vt  I  u  J 

is  a  solution  of  the  Schrodinger  equation  under  condition  (3*8). 

We  now  intend  to  find  a  solution  when 
grad  D  f  0 

In  this  case,  in  general,  there  is  no  definite  justification  of 
(3*2).  But  we  assume  that 

a)  grad  U  is  weak  so  that  (3.2)  is  valid  to  an  approximation;  or 

b)  there  is  another  additional  condition  whioh  justifies  (3*2). 


(3.4) 

(3.5) 

(3.6) 
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Then  it  la  eaey  to  wrlta  down  the  reeult  by  modify! ns  (3*9) < 


a 


- - 1*6  ,t( t)> 

It.f&L  lt| 


(3.10) 


vbare * 

[£*(p  -  p(t)J  *  |(p  •  p(t)) 

58  S  <PX  -  Px(t))  <f<Py  -  py(t))  (p8-  P8(t)) 

and  p(t)  aatiafiaa  Eqa.(2.9)  and  (2.10)f  undar  condition  (3*2). 

dp/dt  *  -grad  U,  dr/dt  *  p/n  (3*11) 

Finally  *a  taka  for  S 

S  *  -It  ♦  p.r  (3.12) 

whara  E  la  given  ao  that  Iq.(2.8)  ia  aatlafiadt 

I  ■  U  ♦  p2/2«  -  h2*2/2a  (3.13) 

Thla  aolution  of  tha  Sehrodingar  aquation  la  an  a»aet  ona* 
but  la  not  unlqua.  Thia  ia  bacauaa  condition  (3»2)  ia  not 
nacaaaary  although  aufficiant.  In  general,  da/a  may  ba  a  function 

•The  dafinitlon  of  la  Indirect  *  If  ma  differentiate  with  t 
^  »  a  axp(13/t)  obtained  hare,  ^  ft/i t  ia  a  ayabol  of  which 

0  t 

ia  defined  wall. 
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of  r;  as  yet  E,  (3.13),  ia  an  invariant  integral  of  (2.9). 

We  notice  the  following  three  significant  characteristics 
of  the  solution  obtained  in  the  above: 

Stability 

Unlike  the  conventional  wave  packet,  the  present  one 
is  an  exact  solution  of  the  Schrodinger  equation.  Therefore, 
it  is  stable  in  time. 


Particle-likeness 

As  the  magnitude  of  X  increases,  the  solution  approaches 
the  representation  of  a  classical  material  point  given  by  (1.1), 
as  is  shown  in  the  appendix.  This  solution  is  not  an  eigen¬ 
function  either  of  energy  or  of  momentum.  (The  situation  is 
the  same  also  with  respect  to  a  conventional  wave  packet  because 
of  its  boundary.)  However,  Ehrenfest-Ruark' s  theorem  (Ref.  5  ) 
provides  a  way  to  find  the  gross  behavior  of  this  particle. 

We  define  . 

UVr  dT 

R  =  H- -  (3.1M 

U>d  C 

J  (dT  :  volume  element) 


Then, 


according 


to 


the  theorem, 


mR 


Jf‘^grad  U  d  t 

J 


(3.15) 


is  obtained  from  the  Schrodinger  equation.  Since  ^  •  \p  is 

localized  narrowly,  we  may  write 

» • 

mR  =  -  grad  U  (3.13)' 

which  has  an  integral 

m  R  ♦  U  =  const 


(3.1b) 


2  2 

Unlike  E  given  by  (3*12) ,  this  integral  does  not  contain  "h tc 


Formation  of  de  Broglie  save 


In  general  ^ 

'  r  -  vt  -  J 


in  a  solution  of  the  Schrodinger  equation  for  a  free  particle* 
Here  scalars  ^  >>  and  vectors  sre  arbitrary  constants.  This 
is  proved  by  noticing  that 

«(yaxp<-x|r  -  vt  -,7j) 


a  a 


I. 


(3.18) 


*  )  ?  «  vt  -  | 

satisfies  Eq.(3.2),  and  hence  a2  satisfies  Eq.(2.o).  If  we 
choose  theot  's  as  infinitesimal  and  let  the  f3  '•  fill  the 
entire  space.  given  by  (3*17)  represents  substantially  a 
plane  de  Broglie  wave. 

In  the  above  process  of  forming  de  Broglie  wave,  we  do  not 
consider  any  Interaction  among  those  many  representations  of 
particles.  This  manifests  that  the  wave  is  an  ensemble  represent¬ 
ation  of  single  particle  in  free  state.  In  other  words,  we  may 
also  say  that  by  a  de  Broglie  wave,  we  represent  many  similar 
systems  of  which  each  consists  of  a  single  particle  and  among 
which  there  ie  no  physical  interaction.  This  statement  might 
sound  somehow  paradoxical  in  view  of  Pauli's  principle  which 
prohibits  more  than  one  particle  to  exist  in  the  same  state. 

In  the  following  two  sections,  we  shall  clarify  this  apparent 
paradox. 
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IV.  THE  LIOUVILLE  EQUATION 
FOR  n-PARTICLE  SYSTEMS 

It  ie  easy  to  derive  the  quantum-mechanical  Liouville 
equation  from  the  Schrodinger  equation  for  two  particles,  named 
1  and  2: 

A  ^  /h2  / 

ill  — -  ♦ - ♦ - f  m  u  ^  =  0  (4.1) 

*  t  2mp  2m2  ' 

where 

a  J  2/Jxf  +  32A)y2  ♦  ,  etc. 

U  =  U^(rlf  r2)  ♦  U01(rx)  ♦  UQ2(r2)  (4.2) 

rl  =  xl«  Fi«  zi  *  ®tc* 

^12  *8  t^ie  Potent*a^  between  particle  1  and  particle  2;  W01 

if,  tii  -  potent  Lai  )•:  particle  1  due  to  external  field,  and  so  forth. 

On  substituting  in  Eq.(4.l) 

=  a  exp(iS/h)  (4,3) 

and  considering  the  real  and  imaginary  parts  of  the  resultant 
equation  separately,  we  obtain 
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-  .  iL  *  jL  -  -i,  (grad^  S)2J 

)t  2.J.  L  1  *2 

*2  [a  -  _  *  (grad-,  S)27  -  0  a  *  0 
5»2  LV  ‘  T?  18  2  J  (4.*) 

,)  a/dt  ♦  (1/^HgradjaMgradjS)  *  (l/Sa^  a^S 

+  (l/«»2)  (gradg*)  •  (grad2S )  ♦  ( 1/2 *2^  *^2®  *  0  (4.5) 


where 

grad^  « 

In  the  same  way  as  in  tha  cana  of  single  particle  (Ref.  2).  *• 
define  px  and  p2  by 


?x  *  *radx  S  (4.6) 

P2  *  gr«d2  s 

Oa  ragarding  t.  ?r  r'2>  J2  ••  th.  lnd.pa.d.nt  aarlablaa. 


we  obtain  for  Eq.(4.4) 


£s_  jj|_  t  _jl_  _  .if  fit 

it  +  2*x  2n2  2n!  a 


•nd  for  (4.5) 


i2  d2a 

2»2  ® 


♦  U 


0  (4.7) 
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♦  grad^  £ -U 

♦  grad^  f -U 


♦ 


♦ 


a  0 


(4.8) 


The  same  treatment  la  easily  extended  to  the  case  of 
n-particle  systems,  and  the  following  are  obtained: 


<)  S  «?  p£  at  2  .  « 

-  ♦  J  — ft-  -  J - ft—  ♦  U  *  0 

3  t  k-i  2mk  £Ti  2ak  a 


(4.9) 


i)  S-  Pk  c)  B 

r-  *  Z  — -  Z  «r»dk  u 

0 1  k=l  Bk  d  rw  ksl 


c)Pk 


a2  »  0 


(4.10) 


where 


U  .  u  -  <^2/2)f  (^ka/a)/nk 
k=l 


pk  =  gradkS 


(4.11) 

(4.12) 
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V.  PAULI'S  PRINCIPLE 


Earlier,  Ref.l,  Margenau  discussed  the  limit  of  validity 
of  the  exclusion  principle.  This  pioneering  study  was  made 
within  the  framework  of  conventional  quantum  mechanics.  The 
present  author,  some  years  later,  also  studied  the  same  matter 
in  a  demonstrative  manner.  Ref.  6.  The  obvious  inadequacy  of 
Pauli's  principle,  when  applied  rather  axiomatically,  manifests 
the  necessity  of  interpreting  conventional  solutions  of  the 
Schrodinger  equation  as  lacking  some  information  •  In 
this  section,  Pauli's  principle  is  studied  in  a  somewhat 
different  manner  by  employing  the  result  of  section  IV, 

We  consider  a  system  of  two  similar  particles.  We  begin 
our  investigation  by  assuming  that  the  terms  containing  h2 
in  Eq. (4.8)  are  of  minor  correction!  Then  we  may  think  that 
we  ignore  them  completely  in  Eq.(4,8)  to  the  first  approximation. 
On  substituting  a  solution  thus  obtained  to  the  first  appro* 
ximation,  in  those  correction  terms,  we  obtain  Eq.(4.8)  to  the 
second  approximation.  After  repeating  successively  similar 
procedures  of  approximation,  we  may  obtain  a  partial  different* 
ial  equation  which  is  a  good  substitute  for  Eq,(4,S),  and  yet 
is  linear  and  of  the  first  order  with  respect  to  a2,  because 
those  correction  terms  are  known  functions.  We  may  have  for 

*In  section  III,  we  saw  that  these  terms  must  vanish  for 
a  single  and  free  particle.  In  general,  this  is  not  necessary 
although  sufficient  for  obtaining  exact  solutions.  See  section 
VI. 
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the  characteristic  equations  of  the  resultant  equation! 


<*ri  a  _P1, 
dt  ax 

-»  2  2 
dPi  „  ,  k  jii  h  A  ->a , 

— —  *  -gradx(Uox  ♦  U12)  ♦  gradx(*—  ■■■■  ♦  --**-), 

dt  2ax  a  2 m2  a 


dt 


(5.1) 


dp->  *2  d-i*  -h2  d?a 

— =  »  -  gradp(U0?  ♦  U12  )  ♦  grad?(—  — —  ♦  — -) 

dt  d  vd  id  d  2b^  a  2n2  a 


These  are  given  in  the  12-dimensional  phase  space.  Zt  is  possible, 
to  an  approximation,  to  represent  them  in  the  6-dimensional  phase 
space.  The  representation  of  one  particle  is  the  same  is  of  the 
other,  provided  that  m1  *  : 


dr 

"dt* 


(5.2) 


a  -  grad  U '  ♦  grad(-^-  ---) 
dt  2ra  a 


This  approximation  is  made  by  substituting 

■  U01  *  <«1Z>  .T.r.g.  1  ,or  UOl  *  U12 

and  by  assuming  that 

gradx(-j-  )  »  grad2(^~  )  *  0 


(5.3) 


(5.4) 
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Theae  aaauaptiona  arc  peraiaalble,  if  two  particlaa  ia  tha  aaae 
ayataa  ara  known  to  ba  aufficlently  raaota  tb-xt,  in  tha  apaea 
domain  whara  A^a/a  dapands  significantly  on  ri,  d^a/a  ie 

aubatantially  indapandant  of  r2,  and  Tic#  versa.  Zf  wa  raly 

aolaly  on  (5*2),  however,  thara  ia  tha  danger  of  aaking  a  aarioua 
ml a taka:  Tha  triok  ia  that  A  a/a  la  indapandant  of  tha  abaoluta 
aaplituda  of  a,  and  hanca  wa  tand  to  think  that  wa  nay  auparpoaa 
rapraaantationa  of  any  nunbar  of  ainilar  particlaa.  Than  tha 
aolutlon  thua  obtainad  fron  (5*2)  ia  nueh  diffarant  fron  tha 
aolution  obtainad  by  solving  honaatly  Eq.(5.1);  thara,  in  tha 
12-dlaensional  phaaa  apaea,  thoaa  terns  U^.A^a/a,  ^„a/a  prevent 

tha  two  particlaa  from  baing  auparpoaad  in  tha  a ana  local  donain 
of  apaea.  Ia  ordar  to  aubatituta  ($.2)  for  ($.1)  with  no  auch 
ala taka,  wa  naad  aoaa  additional  condition  to  prevent  ua  fron 
aaking  tha  aiataka.  Pauli 'a  principle  la  tha  wary  device  to 
serve  for  thia  purpoae.  Thank a  to  tha  principle,  we  may  avoid 
poaaibla  aiatakaa  which  will  ba  cauaad  by  tha  inadequacy  of  (5. 2) 
for  tha  aubatituta  of  (SI). 

Being  a  conventional  device  auch  aa  explained  in  tha  above, 
Paull'a  principle  cannot  ba  applied  aecbanically,  without  cauaing 
paradoxical  raaulta.  (The  aituation  nay  ba  uaual  with  reapect 
to  any  axion  la  phyalea!)  Suppoae  that  two  ainilar  particlaa  are 
ranota  although  they  ara  ia  the  aaaa  quantum-mechanical  atata. 
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In  the  light  of  the  discussion  made  in  the  above*  Pauli's 
principle  should  not  be  applied  in  this  case.  But,  conventional 
quantuo  mechanics  does  not  pay  attention  to  this  remoteness, 
since  it  does  not  make  any  distinction  between  single  system  and 
its  ensemble.  Thus  we  tend  to  apply  mechanically  Pauli's  principle 
and  come  to  a  paradox.  For  example,  consider  two  electrons,  of 
which  one  is  in  a  hydrogen  atom  and  the  other  in  another 
hydrogen  atom  which  is  remote  from  the  former.  If  Pauli's 
principle  were  applicable,  the  intensity  of  any  spectrum  line 
observed  in  a  hydrogen  gas  would  be  extremely  weak,  because 
only  one  of  those  numerous  electrons  is  permit  ted  to  be  in 
one  energy  eigen-state  at  one  moment  of  time. 

In  general,  conventional  solutions  of  the  Sehrodinger 
equation  lack  adequate  descriptions  of  where  and  when,  as  usual 
in  ensemble  representations.  Furthermore,  Pauli's  principle, 
made  to  supplement  the  inadequacy,  cannot  alone  provide  safeguard 
adequate  for  preventing  our  mistake  due  to  the  inadequacy  of 
quantum-mechanical  descriptions,  as  demonstrated  in  the  above. 

From  this  viewpoint  alone,  it  is  necessary,  even  in  the  prsgmatical 
spirit,  to  interpret  conventional  solutions  of  the  Sehrodinger 
equation  as  of  ensembles.  (Since  von  Neumann's  well-known  study, 
it  is  being  accepted  that  quantum  mechanics  is  a  logically 
consistent  system.  But  this  does  not  mean  that  quantum  mechanics 
is  physically  adequate.) 
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VI.  A  PARTICULAR  SOLUTION 
FOR  n-PARTICLI  SYSTBf 


Id  ••etiOD  III,  w«  obtained  an  exact  eolution  for  one- 
particle  systea*  The  existence  of  0,  potential  field,  does 
not  bring  in  any  essential  difficulty,  as  long  as  the  condition, 
ha/a  «  invariant,  is  maintained*  This  condition  is  not  necessary 
when  U  exists*  Therefore  the  solution  obtained  there  is  expected 
not  to  be  unique  when  U  /  0  •  The  solution  is  stable,  localised 
in  space,  and  furthermore  leads  to  de  Broglie  wave  when  U  «  0. 

It  is  not  difficult  to  find  a  similar  solution  for  n-particle 
system*  We  write 


Pk<t» 


where  pk(t)  are  solutions  of 

ip-  .  -  gradk(U  -  J5J-  l  A  k«/«  ) 


(6.1) 


(6.2) 


U 


♦Hu 


First  easily  shown  is  that 

Ak  a/a  *  Kk  (6*3) 

Bence  Bqa*(6.2)  are  characteristic  equations  of  (4*10).  So 
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given  by  (6.1)  satisfies  (4.10).  In  order  to  satisfy  (4.9) 
and  (4.12),  we  take 


S  >  -  Et  +1  p.ir. 

k  It  It 


(6.4) 


Then  (4.9)  yields 


-E  ♦ 


I 


2bl 


—  *1  +  U  =  0 
2mk  * 


(6.5) 


E  can  be  invariant  only  wnen  the  p's  are  chosen  so  that 

p? 

«-*-  ♦  U  =  invariant. 

2mk 


(6.6) 


The  nontrivial  case  of  (6.1)  is  realized  only  when 

P  a  P  (t) 
k  k 

and  hence,  the  integral  of  (6.2) 

-fc--  ♦  U  =  invariant 

2mk 

is  the  very  condition  (6.6). 

As  his  been  repeated  often,  this  solution  is  exact,  but 
15  net  unique.  In  general,  ka/a  m®y  a  function  of  the  r's; 
ae  yet,  E,  (6.5),  is  an  inv-iriant  integral  of  (6.2). 


VIZ.  GENERAL  SOLUTION 

(SOLUTION  FOR  ENSEMBLES) 


It  is  easy  to  construct  general  solution  (solutions  for 
n-particla  ensembles)  with  the  particular  solution  obtained  in 
section  VI.  A  set  of  solutions  of  (6.2) 


Pk<t) 

V*> 


dt 


k  .  1, 


2 


*  •  •  •  * 


n 


(7.1) 


have  thsir  initial  condition 

Pk(0),  rk(0)  (7.2) 

contained  in  them.  Then  ws  make*  with  a  given  by  (6.1), 

(0),r1(0),...,  pn<0> , rn<0))  If*  k(0)drk(0) 
)  •  k«l 


(7.3) 


where  y  is  an  arbitrary  function  of  the  intisl  values  (7.2). 
The  function  a  obtained  in  the  above  satisfies 

o 

*k»*  .2 


(7.4) 


Hence  the  gradient  of  it  vanishes.  In  general,  we  may  write 


■  F(r,  -  r,  (t),  p,  -  p,  (t), 
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Of  course,  F  is  a  complex  function,  and  unknown  In  general 
But  It  is  obvious  that 


b 


Hence  satisfies  the  Liouville  equation  (4.10)  under  condition 

(7.4). 

For  S,  we  take 


(7.5) 


(7.6) 


Unlike  the  case  of  (6.6),  condition  (7.6)  is  not  always  satisfied 
by  those  independent  variables  t,  ,  r^.  Note  that  U  is  a 
function  of  the  r's.  Condition  (7.6)  imposes  a  restriction  on 
those  independent  variables. 
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VIII.  DISCUSSION  AND  CONCLUSION 


Those  solutions  of  the  Sehrodingsr  equation  obtained 
in  this  report  are  exact,  with  two  restrictions: 

a)  Aa/a  »  invariant. 

b)  Solutions  of  Newton's  equations  of  notion  are  given: 

Because  of  condition  a),  the  characteristic  equations  of  the 
quantum-mechanical  Liouville  equation  turn  out  to  be  of  the 
relevant  classical  Liouville  equqtion*  That  is  why  condition 
b)  is  necessary. 

Condition  a)  is  surely  necessary,  when  a  particle  is  completely 
free,  and  the  de  Broglie  wave  is  composed  by  superposing  many 
similar  solutions  obtained  for  single  particle.  But,  when  a 
particle  is  in  a  force  field,  it  is  unlikely  that  condition  a) 

Is  necessary  in  general.  Nevertheless,  assuming  condition  a) 
does  not  lead  to  any  inconsistency  of  the  solution;  this  is 
a  remarkable  situation.  Therefore,  it  may  be  reasonable  to  assume 
condition  a)  to  be  valid  when  force  field  is  not  extremely  strong. 
Accordingly,  except  for  lowest  energy  levels,  conventional 
energy  eigen-solutions  may  be  special  cases  of  the  general 
solutions  obtained  in  section  VII.  (With  a  particular  reason, 
the  one- dimensional  oscillator  is  an  exception.)  In  summary  : 

1.  There  is  a  wavelet,  as  an  exact  solution  of  the  Sehrodingsr 
equation,  which  seems  to  represent  a  particle  in  free  state. 
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2.  The  de  Broglie  wave  is  constructed  with  similar  wave¬ 
lets. 

3.  The  wavelet  approaches  the  known  6 -function  represen¬ 
tation  of  a  classical-mechanical  particle  in  the  phase  space,  as 
a  parameter  approaches  its  limit  value. 

k.  The  quantum-mechanical  Liouville  equation  for  n-particle 
system  is  obtained. 

5.  Pauli's  principle,  with  its  merit  and  paradox,  is  ex¬ 
plained  as  based  on  the  Liouville  equation  for  n-particle  system. 

6.  An  exact  solution  for  single  n-particle  system  is 
obtained,  if  the  relevant  solutions  of  Newton's  equations  are 
given. 

7.  In  the  same  sense,  an  exact  ensemble  solution  of  n- 
particle  systems  is  obtained. 

8.  Relevant  solutions  for  the  Dirac  equation  are  expected 
to  exist. 

In  view  of  these  characteristics,  solutions  obtained  in 
this  report  undoubtedly  promise  the  possibility  of  kinetic  theory 
of  quantum-mechanical  systems,  provided  that  emission-absorption 
processes  are  not  significant  in  those  systems.  In  order  to 
take  into  account  emission-absorption  processes,  consideration 
of  solutions  of  the  Schrodinger  equation  is  not  sufficient; 
similar  solutions  of  the  Dirac  equation  are  necessary. 
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APPENDIX 


Connection  Between  S -Function 
and  a  or  a2  Given  by  (3*6) 


We  define 


A(*,  t  ) 


exp(-K| lx2*  y2*  z2) 
\/  x2^  y2*  z2 


dxdydz 


(A.l) 


where  the  domain  of  integration  should  be  limited  by 

x2  ♦  y2  ♦  a2  j>  t2  (A. 2) 

00  that  A(K,£)  does  not  diverge.  As  k  increases,  €  may  be 
smaller.  Then  we  define 


D(x,y,z,  n  ,« ) 

in  the  same  domain  of  x, 


exp(-x/x2*  y2+  z^) 
AOf,fr)/x2*  y2*  z2 

y, z,  as  (A.2).  Of  course, 


we  have 


(A.3) 


D(x,y,z,X,f) dxdydz 


1 


(A.4) 


However,  if  H  is  sufficiently  large,  (A. 4)  will  be  satisfied  by 
taking  for  the  domain  of  integration 


R2  >  x2*  y2*  z2  >  t2  (A. 5) 

instead  of  (A.2).  This  is  because,  for  large  *  ,  contribution 
to  the  integral  (A. 4)  is  made  only  by  x2*  y2+  z2  of  small  values. 
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As  k  increases,  the  permissible  limits  of  R  and  off  decrease* 

Id  other  words,  function  D  is  more  localized  near  x  =  y  =  z  *  0, 
as  k  increases*  As  yet,  it  satisfies  (A. 4).  This  is  the 
very  characteristic  of  J (x) 6  (y)  £  (z)» 

It  is  noted  that  a2  has  the  same  characteristic  at  the  limit 
K  oo  . 


REFERENCES 

1.  H.Margenau,  Exclusion  Principle  and  Measurement  Theory, 
in  P.O.Lowdin(editor ) ,  Quantum  Theory  of  Atoms,  Molecules,  and 
Solid  State,  a  Tribute  to  J.C. Slater  (Academic  Press,  1966), 

PP*  81-91. 

2.  T.Koga,  Difticulty  and  Possibility  of  Kinetic  Theory 
of  Quantum-Mechanical  Systems,  Part  II  -  The  Quantum-Mechanical 
Liouville  equation  and  its  solutions.  Polytech.  Inst.  Brooklyn, 
PIBAL  Report  No. 70-26,  May  1970. 

3.  T.Koga,  Difficulty  and  Possibility  of  Kinetic  Theory 
of  Quantum-Mechanical  Systems,  Parts  III,  IV,  Polytech.  Inst. 
Brooklyn,  PIBAL  Report,  No. 70-35,  July  1970. 

4.  T.Koga,  Introduction  to  Kinetic  Theory  (Pergamon  Press, 
1970). 

3.  Ruark  and  Urey,  Atoms,  Molecules  and  Quanta  (Dover 
Reprint),  Vol.2,  p.652. 

6,  T.Koga,  Difficulty  and  Possibility  of  Kinetic  Theory 
of  Quantum-Mechanical  Systems,  Part  I,  Polytech,  Inst.  Brooklyn, 
PIBAL  Report,  No. 69-17;  also  see  Ref .4, appendices  E,  F. 


-28- 


Unclassified 

Security  Clanificetion 


DOCUMENT  CONTROL  DATA  •  R  &  D 

(Security  cte.slltcatlon  of  title,  body  of  abetrael  and  lnd.it In j  annotation  muil  be  entered  whan  lha  overall  report  fe  ctaeeittad) 

}  originating  activity  (Corporata  author)  1 

2S.  REPORT  SECURITY  C  L  ASSt  PI  C  A  TION 

Polytechnic  Institute  of  Brooklyn 

Unclassified 

Dept,  of  Aerospace  Engrg.  and  Applied  Mech. 

2b.  GROUP 

Route  110,  Farmingdale,  New  York  11735 

• 

3  REPORT  TITLE 

DIFFICULTY  AND  POSSIBILITY  OF  KINETIC  THEORY  OF  QUANTUM-MECHANICAL 

SYSTEMS.  Part  V  -  Particular  and  General  Solutions  of  the  Schrodinger 

Equation  and  their  Significance  in  Kinetic  Theory 

4  descriptive  notes  (Typo  ol  raport  and  Inelualva  dataa) 

Research  Report 

9  au  thoRiSi  ( First  name,  middla  initial,  laat  nama) 

Toyoki  Koga 

August  1970 


•*.  CONTRACT  OR  GRANT  NO 

Nonr  839(38)  and  DAHC04-69-C-0077 

6.  PHO./FC  t  no 

ARPA  Order  Nos.  529  and  1442 


7«.  total  NO.  OP  PAGES  7b.  NO-  OP  PEPS 

28  6 


DA.  ORIGINATOR’S  REPORT  NUMIERISI 

PIBAL  REPORT  NO.  70-36 


•b.  other  REPORT  noISI  ( Any  o that  numbara  tha t  mmy  ba  aaalgnad 
thla  rmport) 


10  DISTRIBUTION  STATEMENT 

Distribution  of  this  document  is  unlimited. 


12.  SPONSORING  MILITARY  ACTIVITY 

Office  of  Naval  Research, Arlington, Vi 
Army  Research  Of f ice-Durham,  N.C. 


1  J  ABSTRACT 


The  quantum-mechanical  Liouville  equation  is  more  restrictive  and 
hence  more  informative  than  the  Schrodinger  equation,  beeause  the  former 
already  contains  the  definition  of  independent  variable  j3,  momentum  in  a 
special  case.  In  this  sense,  the  quantum-mechanical  Liouville  equation 
is  more  definitive  as  the  description  of  a  physical  law,  and  is  shown  to 
be  invariant  under  the  Galilean  transformation.  By  taking  advantage  of 
this  convenience,  we  obtainia  particular  solution  of  the  Schrodinger 
equation  for  n-particle  system.  This  solution  is  localized  in  the  phase 
space  and  stable  in  time,  and  seems  to  represent  an  n-particle  system  as 
single  system.  The  de  Broglie  wave  is  constructed  by  superposing  a 
number  of  similar  particular  solutions  for  single-particle  systems. 
Similarly,  general  solution  is  constructed  for  n-particle  systems  For 
justification  of  its  application  to  kinetic  theory,  Pauli's  principle  is 
analyzed  and  interpreted  anew.  The  present  solution  promises  the  possi¬ 
bility  of  rational  methods  of  kinetic  theory  of  quantum-mechanical 
systems,  as  analogous  to  methods  of  classical  kinetic  theory. 
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